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Abstract: In the present paper, the constructal theory is employed to determine the
optimal configuration of three rows of needle-shaped fins. The heat transfer across
the fins is due to laminar forced convection. Second order upwind scheme is used
for discretization of the diffusion terms of governing equations. The pressure–
velocity coupling is performed using the SIMPLE algorithm. The heat transfer is
optimized subject to constant fin volume. The effect of Reynolds number and
thermal conductivity on the optimal configuration is investigated. The results
obtained from the present simulations are in good agreement with the numerical
results. The results show that pin–fins flow structure leads to the best performance
when the pin–fin diameters and heights are non-uniform. At Re = 100 and 200, the
optimal value of 𝐻3 /𝐻1is 1.3. It is revealed that at Re = 50, the optimal value for
𝐷3 /𝐷1 is approximately 1.1. The results demonstrate that heat transfer rate is an
increasing function of the Reynolds number.
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INTRODUCTION

The heat transfer requires a difference in temperature
between the two media [1]. Complex fins are an
important part of heat transfer devices in electronic
cooling and other applications [2]. One of the techniques
for optimizing the amount of heat transfer is constructal
theory [3]. The Constructal theory states that geometry
is not an input variable, but the achievement of the best
structure is an important result. Almogbel and Bejan [2]
employed constructal law to minimize the thermal
resistance of a system of cylindrical trees of pin fins.
Yang et al. [4] considered an array of cylindrical fins in
order to achieve optimal heat transfer. They concluded
that when the shape of heat-sink is fixed, there is an
optimal diameter of the fins that maximizes the heat
transfer. They also revealed that the pressure drop
decreases with the diameter of the fins. Bello-Ochende
and Bejan [5] and Page et al. [6] studied a cross flow
over an array of cylinder fins and obtained the optimal
geometry in which the heat transfer rate was maximum.
Olakoyejo and Meyer [7] investigated a three
dimensional geometry of a set of square cross-sections
fins using constructal law. They assumed that the
volume of the Fins and their base temperature are
constant. They achieved a geometry in which heat
transfer from solid to fluid reaches the lowest value.
Goshayeshi and VafaToroghi [8] studied the effect of
natural convective heat transfer on a plate with a
triangular blade mounted vertically on the plate. Their
results showed that the heat transfer decreases at first,
then increases and attains an optimum value by
increasing the gap between the blades. Goodarzian et al.
[9] studied the efficiency of a series of blades with
different structures when heat transfer and mass transfer
occur simultaneously. Rubio-Jimenez et al. [10] studied
the heat transfer from an array of micro-pin fin heat sink
with variable density using constructal law.
Salimpour et al. [11] used the constructal theory to
optimize the thermal performance of micro-channel heat
sinks with noncircular cross sections. They optimized
the geometry to minimize the temperature of the microchannel using three cross sections: ellipsoid, triangle and
rectangular ones. Jadhav et al. [12] examined fluid flow
and heat transfer on a pair of parallel vertical pin-fins to
cool the plates. The main objective of the present study
is to determine the optimal configuration of three
needled-shape fins. The optimization corresponds to an
electronic configuration using the constructal law to
achieve the maximum heat transfer subject to constant
fin volume.
2 PROBLEM SETUP AND GOVERNING
EQUATIONS

Three rows of a multi-scale cylindrical pin–fin are
shown in “Fig. 1ˮ.

Fig. 1

Three rows unequal pin–fins. left: up view.
right: side view.

𝑆1 is the distance between the first row of fins and the
leading edge, 𝑠2 is the distance between the first fin and
the second one and 𝑠3 is the distance between the second
fin and the third one. The heights of fin 1, fin 2, and fin
3 is H1 and H2 and H3 , respectively, while their
respective diameters are 𝐷1 and 𝐷2 and 𝐷3 . The swept
length is L that is assumed to be constant. The fluid flow
is uniform and isothermal. Because of the symmetry, a
computational domain includes only three fins on a
rectangular wall is considered. The objective of the
present work is to explore the optimal configuration in
which the rate of heat transfer from the solid to the fluid
is maximum subject to constant volume of fin V:
4

D12 H1 + D22 H2 + D23 H3 = V = Constant.
π

(1)

This constraint is dictated by the weight and the material
cost of the fins structure which is a limiting parameter in
the design of electronic devices and modern vehicles. In
addition, there is an overall size limitation:
S1 + D1 + S2 + D2 + S3 + D3 + S4 = L

(2)

The configuration has nine variables:
S1 , S2 , S3 , H1 , H2 , H3 , D1 , D2 and D3 . 𝑆1 is assumed to
be constant such that the first fin is close to the leading
𝐻
𝐷
edge. Also, 𝑆2 , 2 and 2 are constant according to
𝐻1

𝐷1

Bejan's investigation [10]. Hence, based on the two
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constraints (1) and (2), the number of degrees of freedom
is three. The flow is assumed to be steady, laminar,
incompressible and two dimensional. All the thermophysical properties are considered constant. The
conservation equations for mass, momentum and energy
are [14]:
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(𝑥̃, 𝑦̃, 𝑧̃ ) and velocity components (𝑢̃, 𝑣̃, 𝑤
̃) are defined
in Fig. 1. “Eqs. (3-7)ˮ are non-dimensionalized by the
following parameters:
(ũ, ṽ, w
̃) =
̃=
T

T−T∞
Tw −T∞

(u,v,w)
U∞

( وx̃, ỹ, z̃) =
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Where, Pr is the Prandtl number
Reynolds number:
Re =

𝜕𝑛 Ω

v
α

(12)
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Where, 𝑘̃ is thermal conductivity ratio 𝑘𝑠 /k. The
distance between the fins varies. The geometric
̃2 , 𝐷
̃3, 𝐻
̃2 , 𝐻
̃3, 𝑆̃3 ) should be determined
configuration (𝐷
in which the overall heat transfer between the fins and
their surrounding flow is maximum. The dimensionless
measure of the overall heat transfer is [2]:
q̃ =

q⁄L

(13)

K(Tw −T∞ )

Where q is the total heat transfer rate integrated over the
surface of the fins and the elemental surfaces.

(6)

For the volume occupied by the cylindrical fins, the
energy equation reduces to:

Where, ∇2 = (

̃

𝜕𝑇
𝜕𝑇̃
−𝑘̃ 𝑆 = −

3
2̃
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, and Re is the

(11)

The boundary conditions are as follows: no-slip and nopenetration boundary conditions are imposed on the fins
̃
∂𝑢
𝜕𝑣̃
and the wall surfaces. Also, 𝑤
̃ = 1, = = 0 are
∂z̃
𝜕𝑧̃
used for the inlet of the flow and 𝜕(𝑢,
̃ 𝑣̃, 𝑤
̃)⁄𝜕𝑥̃ = 0 is
employed for the exit. 𝜕(𝑢,
̃ 𝑣̃, 𝑤
̃)⁄𝜕𝑦̃ = 0 is used at the
top of the computational domain. In addition, the
thermal boundary conditions are: 𝑇̃ = 1 for the walls
and 𝑇̃ = 0 for the inlet plane of the computational
𝜕𝑇
domain. The symmetry surface is adiabatic (𝜕𝑛
=0). The
Ω
continuity of the temperature and flux at the interface of
the solid and fluid surfaces requires:

NUMERICAL METHOD

Eqs. (3-8) are solved using a finite-volume method. The
domain is discretized using polyhedral elements and the
governing equations are integrated over each control
volume. Second order upwind scheme is used for the
diffusion terms. The pressure–velocity coupling is
performed with the SIMPLE algorithm. Convergence is
obtained when the normalized residuals for the mass and
momentum and energy equations are smaller than 10−6 .
The length of the computational domain is chosen long
enough to ensure that the boundaries do not affect the
results. It is found that the doubling of the length results
in 1% difference in the total heat transfer rate (based on
Eq. 13).
Grid independence test is carried out for all the fin
arrangements. The grid study shows that for a control
volume with a mesh size of 0.009 per unit length in the
x-direction, 0.003 per unit length in the y-direction, and
0.003 per unit length in the z-direction assured a grid
independent solution in which the maximum changes in
total heat transfer rate are less than 1% when the mesh
per unit length is doubled sequentially. The meshes in
the vicinity of the optimal configurations are more
refined to capture the fluid flow in this region.

4

RESULTS

The fin flow structure has three degrees of freedom
𝐻
𝐷
which are designated as 3 , 3 and ̃𝑆3 . The simulations
𝐻1

𝐷1

are started by fixing the distance between the first fin and
the leading edge, ̃𝑆1 = 0.05, the distance between the
H
D
second fin and the third one, 𝑆̃2 = 0.01 , 2 = 0.9 , 2 =
H1

D1

1.1. The total volume of the fins is ṽ = 0.01. The
𝐻
degrees of freedom are the ratios of the fin's height, 3,
𝐻1
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𝐷

𝐷3

D3

the diameter ratio 3, and the spacing between the
𝐷1
cylinders, ̃𝑆3 . The dimensions of the flow structure are
set as follows: the non-dimensional length L̃ is equal to
1, the flow width (the distance between two symmetry
planes in the x-direction) is L̃/3 (Fig. 1). For the first
D
simulations, Re = 50, k̃ = 100, 3 = 1, and S̃3 = 0.05. The

for

fin height ratio varies. An optimal height ratio is found
for this configuration. This procedure is repeated for
other 𝑆̃3 values in the range 0.05 ≤ 𝑆̃3 ≤ 0.2 , as shown
in Fig. 2, once an overall optimum is found for this
𝐻
configuration, i.e. the optimal height ratio 3 that

Fig. 5 summarizes the optimal results and shows the
effect of the diameter ratio on maximum total heat
transfer rate for the range of parameters given. The
D
optimal value of 3 is approximately 1.1, but at this

D1

𝐻1

corresponds with the maximum total heat transfer rate.

Fig. 2
Total heat transfer rate as a function of the distance
between the two-second diameter fins and the height ratio for
the diameter ratio of 1.

Fig. 3
Total heat transfer rate versus the distance between
the two-second diameter fins and the height ratio for the
diameter ratio of 1.1.

Now, for the diameter ratio,

𝐷1

= 1.2. Figs. 2, 3 and 4 show that as the
H3

increases, the optimal value of

D1

decreases. The
optimal pin–fin configuration for Re = 50 and k̃ = 100
D
lies between 0.05 ≤ S̃3 ≤ 0.2 , 1 ≤ 3 ≤ 1.2 and
0.85 ≤

H3
H1

H1

D1

≤ 2.

D1

optimal diameter ratio, the effect of

D3
D1

is negligible.

Fig. 4
Total heat transfer rate versus the distance between
two-second fins and the height ratio for the diameter ratio of
1.2.

Fig. 5
Total heat transfer rate versus the distance between
the two-second diameter fins, the height ratio and the
diameter ratio.

D3

= 1.1, the simulations are
performed in the range 0.05 ≤ S̃3 ≤ 0.2. The results are
shown in Fig. 3. A new optimal configuration is found
with the corresponding maximum total heat transfer rate.
Fig. 4 shows the behavior of the optimal configuration
D1
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The optimization procedure is performed for higher
Reynolds numbers, Re=100 and Re = 200 (Fig. 6). In
𝐻
this range of Reynolds numbers, ( 3)𝑜𝑝𝑡 is equal to 1.3
𝐻1

and indicates that the height of the third row of fins
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should be slightly higher than that of the first one. This
is a worth noting result that establishes that the diameters
of the fins should not be uniform. The results
demonstrate that maximum total heat transfer rate
increases with the Reynolds number.

(a)
Fig. 6

The effect of Reynolds number on the optimal fin
configuration.

The effect of thermal conductivity ratio k̃ is also
investigated. The results are presented in Fig. 7 for the
̃ ≤ 300 at Re = 100. The figure shows
range of 30 ≤ K
that heat transfer increases with increasing heat transfer
coefficient.

(b)

Fig. 7

Heat transfer versus thermal conductivity
coefficient.

The effect of the thermal conductivity ratio is displayed
in Fig. 8. As the dimensionless thermal conductivity
ratio increases, the blue color of the temperatures
profiles penetrates between the fins. The isothermal
contours become denser at lower thermal conductivity
ratios indicating the higher rate of heat transfer.

(c)
Fig. 8
Effects of dimensionless conductivity ratio on the
̃ = 𝟑𝟎,
temperature fields for the optimal configuration: (a): 𝒌
̃ = 𝟏𝟎𝟎 and (c): 𝒌
̃ = 𝟑𝟎𝟎.
(b): 𝒌
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Fig. 9 shows the temperature distribution in the middle
cross-section of the pin–fin for different Reynolds
numbers and different dimensionless thermal
conductivity ratios. All the temperature profiles are
presented for Pr = 0.71. The temperature profiles change
with the Reynolds number. As the Reynolds number
increases, the blue color of the temperatures profiles
penetrates the fin structure, and this can be attributed to
the increase in the flow strength and the flattening of the
thermal boundary layers.

5

In the present paper, the constructal theory is employed
to introduce a new type of needle-shaped fins arranged
in three rows. The pin–fins are cooled by laminar forced
convection flow. The heat transfer is optimized subject
to constant fin volume. Numerical optimization was
performed to determine the optimal configuration
(relative diameter, height and spacing between fins). The
results demonstrated that maximum total heat transfer
rate increases with the Reynolds number. The heat
transfer increases with the ratio of thermal conductivity.
The results showed that pin–fins flow structure leads to
the best performance when the pin–fin diameters and
heights are non-uniform.

6

(a)

CONCLUSIONS

NOMENCLATURE

D1
D2
D3
h
H1
H2
H3
K
L
P
Pr
q
q̃
Re
S1
S2

(b)

S3
S4

(c)
Fig. 9
Effects of Reynolds number on the temperature
fields for the optimal configuration, (a) Re = 50, (b) Re =
100, (c) Re = 200.
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The diameter of the first fin, m
The diameter of the second fin, m
The diameter of the third fin, m
Heat transfer coefficient, m
The height of the first fin, m
The height of the second fin, m
The height of the third fin, m
Thermal conductivity, W/mK
The swept axial length, m
Pressure, Pa
Prandtl number
Total heat transfer rate, W
Dimensionless heat transfer density, Eq.
(13)
Reynolds number
The spacing between the first cylinder and
the trailing edge, m
The spacing between the D1 and D2
cylinders, m
The spacing between the D2 and D3
cylinders, m
The spacing between the third cylinder and
the end of plate, m
Temperature, K
Wall temperature, K
Free-stream temperature
Velocity components, m/s

T
TW
T1
u, v,
w
Free-stream velocity, m/s
U1
V
Total volume of the fins
x, y, z Cartesian coordinates, m
Greek symbols
Thermal diffusivity, m2/s
𝛼
Dynamic viscosity, Pa.s
𝜇
v
kinematic viscosity, m2/s
Density, kg/m3
𝜌
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Subscripts
1
Leading row
2
Trailing row
max
Maximum
Opt
Optimum
S
Solid
w
Wall
Superscripts
~
Dimensionless variables
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